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Abstract. In the current paper we show that the dimension of a family V of 
irreducible reduced curves in a given ample linear system on a toric surface S 
over an algebraically closed field is bounded from above by —Kg.C+p g (C) — l, 
where C denotes a general curve in the family. This result generalizes a famous 
theorem of Zariski to the case of positive characteristic. We also explore new 
phenomena that occur in positive characteristic: We show that the equality 
dim(V) = —K$-C + Pg(C) — 1 does not imply the nodality of C even if C 
belongs to the smooth locus of S, and construct reducible Severi varieties on 
weighted projective planes in positive characteristic, parameterizing irreducible 
reduced curves of given geometric genus in a given very ample linear system. 



1. Introduction 

In 1982, Zariski proved the following remarkable theorem over an algebraically 
closed field of characteristic zero: 

Theorem 1.1 (pTJ Theorem 2]). Let S = P 2 be the projective plane, L £ Pic(S) 
be a line bundle, V C \C\ be an irreducible subvariety, whose general closed point 
corresponds to a reduced curve C . Then 

(1) dim(V) < -K s .C + p g (C) - 1; and 

(2) If the equality holds, then C is nodal. 

Under certain numerical conditions on C and Ksi Zariski's theorem was gen- 
eralized to the case of families of curves on rational surfaces satisfying tangency 
conditions by Harris [5J Proposition 2.1], Caporaso-Harris [U Propositions 2.1, 2.2], 
[31 Proposition 2.1], Vakil [TUJ Theorem 3.1], and others. Zariski's theorem and its 
generalizations played an important role in Harris's proof of the irreducibility of 
Severi varieties [5] , and in a series of enumerative results [5J [21 [TO] ■ 

Two different approaches were developed to prove Zariski's theorem and its gen- 
eralizations, and both of them used the assumption on the characteristic. Thus, 
the question whether Zariski's theorem and its generalizations hold true in positive 
characteristic remained open. 

In the original Zariski's approach, the assumption was used in order to find a 
local parameter that would parameterize a general one-dimensional subfamily in 
V and the nodes of the corresponding curves [11] p. 216]. Note that in positive 
characteristic such local parameter does not exist in general. 

The second approach was developed by Caporaso and Harris, and is based on 
a result of Arbarello and Cornalba [T]. The main idea was to embed the tangent 
space T X V , where x S V is a general closed point, into the space of first-order 
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deformations Def x (C, /), where C is the normalization of the curve corresponding 
to x and /: G — > S is the natural map; and to describe the image of T X V in 
De/ 1 (C, /). Thus, the assumption on the characteristic was essential in order 
to pass from the embedded deformations of curves to deformations of maps from 
their normalizations to the surface p. 356], [3 p. 159]. The latter is possible in 
characteristic zero, since if C — > T is a one-parameter family of curves and C —> C 
is its normalization then over an open subset T' C T, the fibers of C — > T are 
smooth, hence coincide with the normalizations of the fibers of C — > T, which is no 
longer true in positive characteristic. In positive characteristic, one may need, first, 
to proceed with a purely inseparable base change, which destroys the argument 
based on the first-order computations. 

The generalizations of Zariski's theorem can be summarized as follows: Let S be a 
rational surface, E C S be a reduced curve, and C £ Pic(S) be a line bundle. For an 
irreducible component E' C E, let a E ' = (af , a E ' , . . . ) and f3 E ' = (/?f , fif , . . . ) 
be sequences of non-negative integers such that iaf + i/3f = C.E' , and 
let Q E = {pf.j}i,i<j< ai C E' be a family of general points. For a sequence of 
integers 7 = (71,72, ■■■), set py| := £\ 7, and 77 := £\ 17,. Set |a| := J2e> \ aE l> 
|/3| := J^b' |, and 17 := US1 B ; and let G C 5 be any curve disjoint from f2. 

Theorem 1.2. Le£ C \C\ be a positive-dimensional irreducible subvariety, whose 
general closed point corresponds to a reduced irreducible curve C. Assume that 
—C.(Ks + E) + |/3 > 1, C belongs to the smooth locus of S, and for any irre- 
ducible component E' C E, the normalization C contains points {qfj }i, i<j< ai o,nd 
{ r f,j}i, l<j<Pi such that qfj are mapped to pfj, and f*{E') = ifafj Jrr f,j)> where 
f : C — > C >• S denotes the natural map. Then 

(1) dim(V) < -C.(K S + E) + \p\ +p g (C) - 1; and 

(2) If the equality holds, then df is nowhere zero, f2 is the set of base points ofV, 
C is smooth along its intersection with E , and C intersects G transver sally. 
If, in addition, C is singular and —C.{Ks + E) + > 3 then C is nodal. 

In the current paper we consider the case of pairs (S, E) , where S is a toric sur- 
faces and E = dS is the complement of the maximal orbit. We give a characteristic- 
independent proof of the first part of Theorem 11.21 for such pairs (S,E). We also 
construct counterexamples to the second part of the theorem in positive character- 
istic. Our examples include families of plane curves satisfying tangency conditions, 
and families of curves on weighted projective planes with no tangency conditions 
imposed. We note here, that so far we have found no counterexamples to the second 
part of the original Zariski's theorem. Finally, we use these examples to construct 
reducible Severi varieties on weighted projective planes in positive characteristic. 

Our approach to Theorem 11.21 (1) is based on the canonical tropicalization pro- 
cedure in positive characteristic developed in We replace the ground field by 
a field equipped with a non-Archimedean valuation. To a given curve C C S, we 
associate a parameterized tropical curve (r, hr) of genus at most p g {C) in a canon- 
ical way. Then we show that the dimension of V is bounded by the dimension of 
the space of tropical curves satisfying certain conditions. Note, that the latter di- 
mension does not depend on the characteristic! Finally, we show that it is bounded 
by -C.{K s + E) + \p\+p g {C)-l. 
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The idea beyond our counterexamples to the second part of Theorem 11.21 is the 
following: If the toric surface S is the quotient of another surface S by an action 
of fi p , where p > 2 is the characteristic, then S —> S is bijcctive, and the images 
of smooth curves C C S may have only unibranch singularities of type Ap—i. 
This observation leads to Theorems 14.11 and 14.21 that show existence of maximal- 
dimensional families of curves with singularities of type A p -\, which contradicts 
the statement of Theorem 1 1.21 (2) in positive characteristic. 

In order to construct reducible Severi varieties on toric surfaces in positive char- 
acteristic, we use the examples above and some deformation theory to exhibit non- 
empty components of the Severi varieties, whose general closed points correspond 
to curves having different types of singularities. 

Finally, we would like to recall our conjecture [8j Conjecture 1.2]: 

Conjecture 1.3. If S is a toric surface over an algebraically closed field of char- 
acteristic zero, C € Pic(S) is an effective class, and g > is a non-negative integer 
then the Severi variety V trr (S, C, g) parameterizing irreducible nodal curves of genus 
g in the linear system \C\ that do not contain the zero- dimensional orbits of S is 
either empty or irreducible. 

The conjecture is known to be true in the plane case due to the famous result 
of Harris [5] , and in the case of Hirzebruch surfaces [5] . In [S] , we also prove the 
conjecture for rational curves on any toric surface in arbitrary characteristic. As 
our examples show, the analog of the conjecture fails in positive characteristic. 
However, we believe that it does hold true in characteristic zero. 

1.1. Plan of the paper. In Section [21 we recall the definitions and basic proper- 
ties of parameterized tropical curves, and of the canonical tropicalization procedure. 
Section [3] is devoted to the proof of Theorem 11.21 (1) for toric pairs (S,E) in arbi- 
trary characteristic. In SectionHJ we construct counterexamples to Theorem ll.2l (2) 
(Theorems 14. II and !4.2[) . and examples of reducible Severi varieties on weighted pro- 
jective planes (Theorem 14. 3j) in positive characteristic. The necessary deformation 
theory for the proof of Theorem 14.31 is discussed in Subsection 14.2.11 

1.2. Conventions and notation. 

1.2.1. Non-Archimedean base field. Throughout this paper, k denotes an algebraically 
closed field, R denotes a complete discrete valuation ring with residue field Ik and 
field of fractions F, F denotes the separable closure of F, and v denotes the valuation 
on F normalized such that v(W*) = 1. For an intermediate extension F C L C F, 
i?L denotes the ring of integers in L. Note that if [L : F] < oo then R^ is a com- 
plete discrete valuation ring since R is so. For two finite intermediate extensions 
F C K C L C F, the relative ramification index [^(L*) : f(K*)] is denoted by eL/K, 
and if K = F then it is denoted simply by ejL- For a finite intermediate extension 
F C L C F, ijL denotes a uniformizer in R^. 

1.2.2. Algebraic varieties. For an algebraic variety X defined over a ring A, and an 
A-algebra B, we denote by X(B) the set of _B-points of X. If C is a line bundle 
on X then C d := C® d denotes the d-th tensor power of C. If D C X is a reduced 
divisor whose generic points belong to the regular locus of X then f2x(log(-D )) 
denotes the corresponding log-differential forms, i.e., forms having at most simple 
poles at the generic points of D. 
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1.2.3. Latices and toric varieties. In this paper, M denotes a lattice of finite rank, 
N := Homg(M, Z) denotes the dual lattice, and E denotes a fan in Nr '■= N ®% R. 
We set T N := SpecZ[Af] and TVq := N ®i Q. The monomials in Z[M] are denoted 
by £ m . For (t,t 6 S. set A CT := SpecZ^nM], A CTT := X a nX T = X anT , and A E := 
U a ^X a ; and denote by dX-% the complement of Tjy in X-£. Recall that m h-> 
gives a canonical isomorphism from M <8>z Cx to the sheaf of log-differential forms 

(log(dXs))- Rays, i.e., one-dimensional cones, in E are denoted by p. For any 
ray p G E, the closure of the corresponding codimension-one orbit is denoted by 
E p . Then <9X S := U p E p . For a lattice polytope A C M R := M <g) z R dual to the 
fan E, the tautological ample line bundle on X s is denoted by Ojc s (A). 

1.2.4. Graphs. The graphs we consider in this paper are finite connected graphs. 
They are allowed to have loops and multiple edges. For a given graph T, the sets of 
vertices and edges of T are denoted by V(r) and E(T). For v G V^r), val(v) denotes 
the valency of v. Vk{T) denotes the set of vertices of valency k. If v, v' G V(T) then 
E VV '(T) denotes the set of edges connecting v and v'. Most graphs in the paper 
are topological graphs, i.e., CW complexes of dimension one consisting of: (i) a 
O-dimensional cell for each vertex, and (ii) a 1-dimcnsional cell for each edge glued 
to the O-dimensional cells corresponding to the boundary vertices of the edge. 

2. Tropicalization 

The canonical tropicalization procedure for curves over non- Archimedean fields 
in arbitrary characteristic was developed in [9]. In this section, we remind the 
construction and summarize the facts needed for the proof of the main result. 

2.1. Tropical and parameterized tropical curves. Several different definitions 
of (parameterized) tropical curves can be found in the literature. Below, we follow 
[9j, and give a version of the definitions that are most convenient for our purposes. 

Definition 2.1. A tropical curve is a topological graph T equipped with a complete, 
possibly degenerate, inner metric and with the following structure (sl),(s2); and 
satisfying the following properties (pl),(p2),(p3): 

(si) r has two types of vertices: finite vertices and infinite vertices, 
(s2) the set of infinite vertices is equipped with a complete order, and is denoted 
by V°°(T), the set of finite vertices is just a set and is denoted by V^(T); 
(pi) r has finitely many vertices and edges; 

(p2) any infinite vertex has valency one and is connected to a finite vertex by an 
edge, called unbounded edge. Other edges are called bounded edges. The set 
of bounded edges is denoted by E h (T), and of unbounded edges by E°°(T); 

(p3) any bounded edge e is isometric to a closed interval [0, |e|], where |e| G R 
denotes the length of e, and any unbounded edge e is isometric to [0,oo], 
where the isometry maps the infinite vertex to oo. Hence |e| = oo if e is 
unbounded, and the restriction of the metric to r\V roo (r) is non-degenerate. 

A Q-tropical curve is a tropical curve such that |e| G Q U {oo} for any e G E(T). A 
tropical curve is called irreducible if the underlying graph T is connected. The 
connected components of T are called irreducible components. The genus of a 
tropical curve T is defined by g(T) := 1 - x(r) = 1 - |^(r)| + \E(T)\. If T is 
irreducible then g(T) = bi(T). A tropical curve is called stable if all its finite vertices 
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have valency at least 3. An isomorphism of tropical curves is an isomorphism of 
metric graphs. 

Remark 2.1. Let us explain the algebra-geometric motivation for this version of the 
definition: Let (C, D) be a smooth curve with marked points defined over the field F. 
Let (C# L , Dr l ) be a nodal model of (C, D). One can associate to it a tropical curve 
Tcr ,d r in the following way: The set of finite vertices is the set of irreducible 
components of the reduction of C Rl , and the set of infinite vertices is the set of 
marked points D = D R]L . The set of edges connecting two finite vertices is defined 
to be the set of common nodes of the corresponding components. In particular, if 
a component C v is singular then each singular point of C v corresponds to a loop at 
the corresponding finite vertex v. Finally, if a marked point specializes to certain 
component then the corresponding vertices are connected by an unbounded edge. 
It remains to specify the lengths of the bounded edges of Tc r ^,d r ^ ■ For a bounded 
edge e, set |e| := if C Rl has singularity of type A Tc at the corresponding node, 

i.e., etale locally it is given by an equation xy = t^ +1 . Observe that the length |e| 
is independent of L. Indeed, if L C L', (Cr l , , D Rl ,) = (C Rl ,D r J x Spoci?L Speci? L ', 
and Cij L has singularity of type A r at a node p then C Rh , has singularity of type 

A Bh , ( r _|_i)_i; hence = e|L '/»-( r +i) — iii . If the pair (C,D) is stable then it admits 
a distinguished model, namely the stable model, and the associated tropical curve 
is independent of the field extension L. Note that C is irreducible if and only if 
rc H d s is so. Note also, that the genus of C is equal to the genus of Tc Rl ,d Rl 
plus the sum of the genera of the irreducible components of the reduction of C Rh . 
In particular, 17(C) = g(J"c R ^,D Rl ) if an d only if C is a Mumford curve. 

Example 2.1. Let F := C((t)) be the field of Laurent power series, R := C[[i\] be 
the ring of integers, C C P 2 (F) be the line given by the homogeneous equation 
x + ty = z, and qt = [1 -t : 1 : l],q 2 = [1 : : l),q 3 = [-t : 1 : 0], q 4 = [0 : 1 : t] 
be the marked points. Let us describe the stable model of (C, D) in this case: the 
homogeneous equation x + ty = z defines a nodal model of the curve C over the ring 
of integers R, whose reduction has unique component L (the line in the complex 
plane given by the equation x = z). Plainly, 53 and 94 specialize to the same point 
[0:1:0]. Hence this integral model is not even a nodal model of the pair (C, D). To 
resolve this issue, one must blow it up at the point [0:1:0]. In local coordinates, 
the initial model was given by Spec C[[t]][|, |]/(| - | + t) ~ Spec C[[t]] [|], the 
marked points 93,(74 were given by 2 — — t and 2 = 0, L was given by t = 0, and 
the blow up we perform has center at t = ^ = 0. Denote the exceptional divisor 
by E. Now, 91,(72 specialize to two distinct points of the proper transform of L 
(which we denote again by L), and (73,(74 specialize to two distinct points of E. 
Furthermore, the specializations are distinct from the node of the reduction. Thus, 
we have constructed a nodal model, which is stable since each component of the 
reduction contains three special points. We can now describe the tropical curve 
associated to the stable model of the pair (C, D): It has two finite vertices vl and 
ve corresponding to the components L and E of the reduction. The finite vertices 
are joined by a unique bounded edge e of length one, since the stable model is 
defined over F, and the intersection point E n L is a regular point of the stable 
model. Furthermore, there are four infinite vertices corresponding to the marked 
points. The infinite vertices corresponding to q\ and (72 are connected to vl, and 
the rest are connected to ve- 




Definition 2.2. Let N be a lattice. An A ^-parameterized tropical curve is a pair 
(r, hr), where L is a tropical curve, and hr ■ V(T) — > ATr is a map such that 

(1) h r (v) £ N for any infinite vertex v G V°°(T); 

(2) |±|Or(v) - hr(v')) G iV for any bounded edge e G £ w /(r); 

(3) (Balancing condition) for any finite vertex u the following holds: 

o(M«')-M*))+ E M«') = 0. 

u'ev'(r),e£E„„,(r) ' ' i/eV°°(r),ee-E„„/(r) 
If hr{v) G ATq for all vertices u then T is called N ^-parameterized Q-tropical curve. 

Remark 2.2. Usually, one defines a parameterized tropical curve to be a tropical 
curve r together with a map h : r\U°°(r) — > Ar satisfying certain properties. Note, 
that after identifying the edges with straight intervals, a parameterized tropical 
curve in the sense of Definition 12.21 defines h as follows: h is the unique continuous 
map that coincides with hr on the set of finite vertices, maps bounded edges e G 
E VV '(T) linearly onto the intervals [hr{v),hr{v')), and maps unbounded edges e G 
E VV ,(T), with v' G V°°(r), linearly onto the intervals h r (v) +R+ ■ h r (v'). 

Remark 2.3. Let us give some algebra- geometric motivation for this definition: Let 
(C, D) be a smooth curve with marked points defined over the field F, and let 
/: C \ D — > Tjy(W) be a morphism to an algebraic torus. Recall that if (C,D) 
is stable then there is a tropical curve associated to it in a canonical way. Let 
r be this tropical curve. We claim that T admits a natural structure of an Nq- 
parameterized Q-tropical curve. Indeed, let v be a vertex. Then either v corresponds 
to a component of the reduction, or it corresponds to a marked point. In both cases, 
the order of vanishing ord„(/*(x m )) is a linear function on M, hence an element of 
N. Set h r (v) := ±ord v (f*{x')) G Nq if v is finite, and h r (v) := ord„(/*(a;*)) G N 
if v is infinite. Then hr is independent of the choice of L, and (T, hr) is an Nq- 
parameterized Q-tropical curve by [9l Lemma 2.11]. 

Example 2.2. Let (C,D) be as in Example 12.11 i.e., C C P 2 is the line given by 
the homogeneous equation x + ty = z over the field F := C((t)), and the marked 
points are q\ = [1 - 1 : 1 : 1], q 2 = [1 : : 1], q 3 = [-t : 1 : 0], 94 = [0 : 1 : *]. As we 
have seen in Example 12.11 the tropical curve T corresponding to the stable model 
of the pair (C,D) has two finite vertices vl and ve joined by an edge of length 
one, and four infinite vertices. The infinite vertices corresponding to q\ and qi are 
connected to Vl, and the rest are connected to ve- Let T := <G 2 n (F) C P 2 (F) be 
the standard torus. Then we have a natural embedding / : C \ D — > T, and hence 
r admits a natural structure of a parameterized tropical curve. Let us describe 
the corresponding function hr'. The function ^ is invertiblc at the generic point 
of L, and at the generic point of E, and at qi, and at qi. It vanishes to order 
one at 94, and it has a simple pole at q^. Similarly, the function 2 is invertible 
at the generic point of L, and at qi, and at q&. It vanishes to order one at q 2 , 
and it has a simple pole at the generic point of E and at (73. Thus, hr(vi,) = 
(0,0), h T (v E ) = (0,-1), h T (v qi ) = (0,0), h r (v q2 ) = (0,1), h r (v q3 ) = (-1,-1), 
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hr(v qi ) = (1,0). In this case, it is very easy to verify the balancing condition 
directly: at v E we have [(0,0) - (0, -1)] + (1,0) + (-1, -1) = (0,0), and at v L we 
have [(0,-1) — (0,0)] + (0,1) = (0,0). Finally, let us describe the corresponding 
map h : T \ V°° (T) — > R 2 : it contracts the unbounded edge containing v qi to the 
point (0, 0) = hr(vL), maps the bounded edge to the straight interval joining (0, 0) 
and (0,-1), and maps the unbounded edges connected to q2, qz, qi to the rays 
(0, 0) + R+ ■ (0, 1), (0, -1) + R+ ■ (-1, -1), (0, -1) + R+ ■ (1, 0). 




Remark 2.4. It is easy to check that in Example [2~2| h(T \ V°°(T)) n Q 2 coincides 
with the non- Archimedean amoeba 

A{C ) := {{v g(p)) ,f (|(p))) \P G C(F) nCi(f)} . 

One can prove that a similar statement holds true for any curve in a toric variety. 

Definition 2.3. Let (r, hr) be an iVju-parameterized tropical curve, v £ V^(r) be 
a finite vertex, e <E E vv i(T) be an edge, and v" € y°°(r) be an infinite vertex. 

(1) The multiplicity of e is the integral length of -k(hr{v) — hr(v')) if e is 
bounded, and is the integral length of hr(v') if e is unbounded. The mul- 
tiplicity of e is denoted by 1(e). 

(2) The multiplicity of v" is the integral length of hr{v"). 

(3) The slope of e is the subspace R- (hr(v) — hr(v')) C Nm if e is bounded, and 
is WL-hr(v') C A/jg if e is unbounded. The slope of e is denoted by iVjg e , and 
the lattice NC\N^ e is denoted by iV e . If A% ie 7^ then iV e and JVr j6 have a 
generator n e = tnknj {hr{v) ~ hr(v')) if e is bounded, and n e = j^hr(v') 
if e is unbounded. In the second case, it is a distinguished generator, while 
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in the first case, it is denned only up-to a sign. However, if an orientation 
of the bounded edge is given then the generator is also distinguished. 

(4) The degree of T is the collection of pairs (rik, dfc), where {m, . . . , n s } is the 
set of non-zero distinguished generators of slopes of unbounded edges, and 
d k = Y,eeE°°(T),n e =n k l ( e )- Thc dc g rcc is denoted by deg(r). 

(5) By a combinatorial type of (r, hr) we mean the isomorphism class of the 
underlying graph T equipped with the sublattice 1(e) N e for all e £ E(T). 

Remark 2.5. Balancing condition implies Y)/ n d)gdcg(r) dn = ^ - 

Example 2.3. In Example 1 2. 2 [ thc multiplicities of all edges are one, 7V e = Z • (0, 1), 



n ei = (0,0), ?ie 2 = (0,1), n e3 = —(1,1), and n e4 = (1,0), where e, denotes the 
unbounded edge connected to the infinite vertex v qi for any i. Finally, dcg(r) = 
{(n e2 ,l),(n e3 ,l),(n ei ,l)}. 

The following combinatorial lemma is a version of Mikhalkin's [51 Proposi- 
tion 4.13] and Nishinou-Siebert's [7J Proposition 2.1] that we will need in the proof 
of Theorem 11.21 (1) in the toric setting. The lemma follows from either of these 
propositions, but since our definitions arc slightly different, it may be not obvious. 
Thus, we include a proof for the convenience of the reader. 

Lemma 2.4. For r G N, the number of combinatorial types of N ^-parameterized 
stable tropical curves (T, hr) of given degree and genus, for which |V°°(r)| < r, is 
finite. 

Proof. Fix a basis {mj C M. Then any iVR-parameterized tropical curve (r,/ir) 
defines IR-parameterized tropical curves (r, h r ) := (r, m^o/ip). Fix an orientation of 
the bounded edges of T, and let l l (e) and n\ be the multiplicity and the distinguished 
generator of the slope of e in (r, h\). Then l(e)n e = J^i ^( e ) Tl e- Thus, it is sufficient 
to prove the lemma for N = Z. The degree in this case is deg = {( 1 , d), (— 1, d)}, 
which wc denote simply by d; and the combinatorial type of (T,hr) is completely 
determined by the function I: E(T) —> Z> . 

Let (r, hr) be an M-parameterized stable tropical curve of degree d and genus 
g. Then X) e e-E°°(r) K e ) = Fix an orientation of the edges of T, and a complete 
ordering on V* (r), both compatible with the standard orientation of R via hr- 
Then the balancing condition at a finite vertex v is equivalent to the following: 
J2eeE(r) £ ( e i v )K e ) = 0) where e(e,v) = — 1 if v is thc initial point of e, e(e, v) = 1 
if v is the target of e, and e(e,v) = otherwise. Let us associate to (r, hr) the 
following datum: the isomorphism class of the underlying graph T, the orientation 
of the edges, the ordering on V* (T), and the function l°° := 1\e°°(v)- 

We claim that the set of such data associated to R-parameterized stable trop- 
ical curves of degree d and genus g is finite. Indeed, it is sufficient to show that 
the number of isomorphism classes of the underlying graphs T is finite. But 
\E(T)\ = \V(T)\ + g - 1 < 2r + 3g - 3, since \E(T)\ - \V(T)\ = g - 1 and 
2\E(T)\ = J2vev(r) val(v) > 3\V(T) \ - 2r, which implies the claim. 

It remains to show that the number of the combinatorial types of (T,hr) corre- 
sponding to a given datum is finite; but the latter is plainly true by induction on 
the linearly ordered set V^(T), since the balancing condition allows only finitely 
many possibilities for 1(e) for any edge e with initial vertex v if the values 1(e) are 
given for all edges e with initial vertices u < v. □ 
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2.2. The parameterized tropical curve corresponding to a reduced curve 
in a toric variety defined over F. Let Ag be a toric variety. Set X := Xs(F) 
and T := Tjv(F). Let x\, ■■■,Xk G T be points, C C X be a reduced irreducible 
curve containing {x\, . . . ,Xk} in its smooth locus, and /: C — »• X be the natural 
map from its normalization to X. Assume that C does not intersect the union of 
orbits of codimension greater than one. Set D := f~ l ({xi, . . . , Xk} U dX), and fix 
a linear ordering D = {qi, . . . ,q r } such that Xi = /(ft) for all 1 < i < k. Let 
(Cr L7 Dr l ) be the stable model of (C,D). 

We define the corresponding AQ-parameterized Q-tropical curve (r, hr) as fol- 
lows: L is the tropical of the stable model of the pair (C, D) as constructed in 
Remark 12. 11 and (r, hr) is the corresponding parameterized tropical curve as con- 
structed in Remark 12.31 The following claim follows immediately from the defini- 
tions: 

Claim 2.5. The multiplicity of ft in f*(dX) is equal to the multiplicity of v qi . If 
/(ft) belongs to the big orbit of the divisor E p C dX then hr(v qi ) G p. 

Let qt G D be a point, and «i be the unique finite vertex connected to v qi . 
Then t~ ehhr ( v '^ m } f*( x m ) does not vanish along the closure of qi in Dr l for all 
m G ^r(w g4 ) C M. Hence the following equality holds for all m G hr{v qi )' L C M; 

(2.1) ftr(«i)(m) = K/*(* m )fe)) = K* m (/(<?*))) 

From now on we assume that /(ft) belongs to the big orbits of dX for i > k. 

Notation 1. For i < fc, denote by .4., G Aq the unique element mapping m to 
^(x m (a:i)). For i > k, set L/( 54 ) := {n G Aq | n(m) = ^(.T m (/(ft))), Vm G p^}, 
where p G £ is such that /(ft) G E p . 

Corollary 2.6. hr(vi) = A% if i < fc, and hr(vi) G otherwise. 

Example 2.4. In Example 12.21 = 1, «i = «2 = ul, and W3 = W4 = We- Plainly, 
■Ai = (0,0) since i/(f (ft)) = v{l - 1) = = u(l) = Kf(?i))- Th us, ^1 = /i r («i) 
as expected. The fan of the projective plane contains three rays pi := M + • (0, 1), 
P3 := R + • (— 1, — 1), and p± := R + • (1, 0), and for each i > 1 the point belongs to 
the big orbit of the divisor E Pi . Thus, by definition, we have L tt q ^ — {(0, s)\s G K}, 

L f(gs) = l( s + M)|s G K }, £/( 94 ) = {(• s >- 1 )l s e and £ for all 

j > 1 as expected. 

2.3. Deformations of parameterized tropical curves. 

Definition 2.7. Let (T,hr) be an Ag-parameterized tropical curve. By a defor- 
mation of (r, /ir) we mean a germ of a continuous family {(r s , /ir s )} se (K ) °^ -^ R ~ 
parameterized tropical curves such that (ro, hr ) — (T,hr), and the combinatorial 
type of the underlying graph of T s is independent of s. 

Any deformation of (r, hr) induces a deformation of the underlying graph, which 
can be canonically trivialized. Hence we may consider only deformations of T 
inducing the trivial deformation of the underlying graph. The multiplicities and 
the slopes of the edges are preserved by deformations since the lattice A C Ar 
is discrete. This also shows that the lengths \e\ s of bounded edges e G E vv > with 
non-trivial slopes are uniquely defined by the values of hr 3 {v) and hr a {v'), since 
the integral length /(e) of t4- (hr s (v) — hr s (v')) G A is independent of s. 



10 



ILYA TYOMKIN 



Fix an orientation of the bounded edges of T, and consider the linear map 

®vevf<r)Nn -> ®eeE»(r)(N/N e ) w 

given by x v \- > J2e£E b (r)( e ( e ' v ) x v nrod (N e )^), where e(e, v) = —1 if v is the initial 
point of e, e(e,v) = 1 if v is the target of e. and e(e,u) = otherwise. Denote its 
kernel by E^(r). Then the universal deformation of T, i.e., the space of deformations 
up to isomorphism, can be identified naturally with the germ at the identity of the 
group Eg(r) x K>o , where c(T) denotes the number of bounded edges of T with 
trivial slope: To a deformation {(r s , ft.r a )} sS R one associates the collection 

(Ar.(»)-ArMW/(r).(g) 

Remark 2.6. Deformations of AQ-parameterized Q-tropical curves are controlled 
by Ejj(T) x Q> ( P defined similarly. 

Example 2.5. In Example 12.21 c(T) = 0. Fix the orientation of the bounded edge e 
such that ve is the initial point. Then the linear map 

R 2 © R 2 = ® veVf{T) N M -> ® eeEHr) (N/N e ) M = M 2 /R • (0, 1) = K 

is given by ((a, b), (c, d)) <— > c — a. Hence the universal deformation of (r, hr) is the 
germ of the group E^(T) = {((a, b), (a, d))|o, 6, d g M} ~ M 3 at the identity. 

Let us now explain the idea of the proof of Theorem 11.21 (1) for toric sur- 
face S = X%(k) and boundary divisor E = dXz(k) = U p E p (k). In this case 
A's + E = 0. Assume for simplicity that \a\ = 0. If V has dimension k then 
there exists a curve of geometric genus g in the linear system C passing through 
k general points X\,...,x^ in the torus, and we may choose these points such 
that the points A\ , ■ ■ ■ , Ak of Notation [T] are in general position in the plane 
Nq. Thus, the corresponding parameterized tropical curve (r, /ip) "passes" through 
the points A\,--- ,Ak, i.e., the first assertion of Corollary 12.61 is satisfied. How- 
ever, by Mikhalkin's [6l Proposition 2.23], the dimension of the universal defor- 
mation space of such tropical curve is at most \(3\ + p g (C) — 1, and hence (T,hr) 
may "pass" through at most |/3| + p g (C) — 1 points in general position. Thus, 
dim(V) = k < \p\ + Pg {C) - 1 = -C.{K S + E) + \/3\ + Pg {C) - 1. 

3. The proof of the main theorem 

In this section we prove Theorem 11.21 (1) for a toric surface S = Xs(k) and 
boundary divisor E = dX^(k) = U p E p (k). 

Assume to the contrary that dim(V) > -C.{K s + E) + \(3\+p g (C) = \f3\+p g (C). 
Set k := dim(y), R := k[[t}}, F := Frac(R), and consider S(¥),E(¥), and V(¥). 
Then the curve corresponding to a general point of V(F) satisfies the assumptions 
of Theorem 11.21 To simplify the notation we will omit F below. 

For any irreducible component E' = E p C E, the points pfj belong to the max- 
imal orbit of E' , and we may assume that the collection of lines L E > of Notation Q] 

is general in the set of lines with the slope p. Let Xi € Tjv(F), 1 < i < k, be 
general points such that the collection {A% G Nq} of Notation [T] is general. Then 
there exists a point in V such that the corresponding curve contains x\, . . . ,Xk in 
its smooth locus, and without loss of generality we may assume that this curve is 
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C . After replacing (R, F) with a finite separable extension, we may assume that C, 
Xi , and pfj are defined over F. 

Consider the natural map / : C — > S from the normalization of C to S, and set 
D := f~ l {{x\, . . . ,Xk} U E). Set r := k + \a\ + and fix a linear ordering D = 
{qi, . . . , q r }, such that the first k points are mapped to x\, . . . , Xk, and the next \a\ 
points are mapped to {pfj}E',i,j- Let (T,hr) be the iVQ-parameterized Q-tropical 
curve corresponding to C. Then g(T) < p g (C), and deg(T) = {{n Pl d p )}, where 
dp = C.Ep by Calim [2~51 Furthermore, hr(vi) = A\ for i < k and hr(vi) € -^/(qi) 
for k < i < k + \a\ by Corollary |2.6l 

By Lcmma [2.4[ there exist only finitely many combinatorial types of iVQ-parame- 
tcrizcd Q-tropical curves of degree {(n p ,d p )} and genus at most p g {C). Thus, 
without loss of generality, we may assume that for sufficiently small deforma- 
tions Ai{s) € Nq and Lj(s)||I/j( g .), there exists a deformation (T s ,hr 3 ) such that 
h-r^ivi) = <Ai(s) for i < k and hr 3 (vi) E L^s) for k < i < k + \a\. One could finish 
the proof by saying that we get a contradiction to [51 Proposition 2.23]. However, to 
make the presentation self-contained, we give a complete proof here. It is different 
from Mikhalkin's proof of [6j Proposition 2.23], but is based on the idea of the proof 
of [6j Proposition 4.19]. 

Fix an orientation of the bounded edges of T. Then the natural linear projection 

(3.i) 4(r) - ©tiJVQ ©©W (W«)q 

is surjective. Consider the graph V obtained from T by removing the vertices 
v qi and Vi, and the unbounded edges ej = v qi Vi for i < k, and gluing one-valent 
finite vertices to the edges that have contained the finite vertices Vi. We note here 
that (r',/ir|r') is not a parameterized tropical curve since it does not satisfy the 
balancing condition at the new finite vertices. Then 

-ifl > -i - m > -x(r) - k > -x(ro = -j2 x(Ti) = E (m^o - !) ' 

where Tj C T' arc the connected components. Thus, there exists j such that 
6i(r 3 -) = 0, and u gj ^ V - ^) for all ft + |a| < i < r = k + \a\ + \/3\. Without 
loss of generality we may assume that j = 1. Since b\(Ti) = 0, it follows (e.g. 
by induction on (ri)|) that the natural map ® v evf(r 1 )Nq — >• ® e eE b (r 1 )N(l is 
surjective; hence ® v ^vf(r 1 )^Q ~ * ®e£E b (r 1 )(N/N e )Q is also surjective. Thus, 

®vevf(ri) N Q ©eeP(r 1 )W iV e)Q0© B6V ,/ (ri) ^0© oe B~(r 1 )W^)Q 

is so by the surjectivity of (|3.ip . where Vi (resp. Vj ) denotes the set of (resp. 
finite) vertices of valency one. Then 2|y / (ri)| > |^7 & (r x )| + 2|V/(ri)| + |£°°(ri)|, 
or equivalently, 

2|v(roi > 1^)1 + 21^(^)1. 

On the other hand, T is stable, hence valiv) > 3 for any v 6 V^ri) \ Vi(ri). Thus, 

2|^(ri)| > 3|v(ri)| -2|yi(ri)|. 

The two inequalities imply \E(Ti)\ > |V(ri)|. However, |V( r i)l - \E(Ti)\ = 1, 
since bi(Ti) = 0. We got a contradiction, and the proof is now complete. 

Remark 3.1. Similar argument can be used to obtain another proof of [5J Proposi- 
tion 2.23]. Indeed, if k = dim(V") = \(3\ +p g (C) — 1 then, to avoid the contradiction, 
one must have equalities in all the inequalities above. Thus, bi(Tj) < 1 for any j. If 
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bi (Tj) = then V(Tj) contains unique v qi withfc+|a| < i < r = k+\a\ + \/3\, no edge 
of Tj has trivial slope, and Tj has only vertices of valency 3 and 1. Hence, if there 
exists j such that bi(Tj) = 1 then v qi £ V(Tj) for all k + \a\ < i < r = k + \a\ + \/3\, 
and one easily gets a contradiction similar to the contradiction we got in the proof. 
Thus, b\(Tj) = for all j, T is trivalcnt, and no edge of T has trivial slope. 

4. Examples and counterexamples 

Throughout this section, k denotes an algebraically closed ground field of positive 
characteristic p, r S N, and q — p r . Let us fix the notation. Set N := Z 2 , and 

n k ,i ■= (i),n k ,2 ■= (i),n fc ,3 := (l*) ' TO M : = (o)' TO M ■= (V) ' TO M :=(°); 
< tl :=(?), n' M :=(i)X,3 == (-°i) X,4 ==(=?). 

m M : = ( o ) > m fc.2 : = ( ) . TO M : = ( fe ) , m 'kA : = ( "fe 1 ) • 

Let Afe C Mf denote the triangle with vertices mk,i, and C Mr denote the 
parallelogram with vertices rn' ki . Let and EJ. be the fans in TVr dual to Afc 
and A^, i.e., the complete fans generated by the rays pk.i — K+rife,, and p' ki = 
R+n' k t respectively. Set S k := X Sk (k), S' k := X B > h (k), C k := Sk {A k ), and C' k := 
Ogi (Aj.). To simplify the notation, we will write E Pi and instead of E Pi (k) 
and E p i (k) when refereeing to the components of the boundary divisors. We will 
also omit the subindex k everywhere if k is given and no confusion is possible. 

4.1. Counterexamples to Theorem 11.21 (2) over k. Two series of counterex- 
amples are constructed in Theorems 14.11 and 14.21 One can prove each of them either 
by a straight-forward computation, or by developing a more general approach. To 
demonstrate both, we prove Theorem 14 . 1 1 bv a computation, and give a conceptual 
proof of Theorem 14.21 

Theorem 4.1. Assume that p > 2. Let V' lrr (S q , C q , 0) be the Severi variety param- 
eterizing irreducible rational curves in \C q \ that do not contain the zero-dimensional 
orbits in S q , and C be a curve corresponding to a closed point of V lrr (S q , C qi 0). 
Then C has a unique singular point, and the type of the singularity is A q ^\. If 
C corresponds to a general closed point of V lrr (S q , C q , 0) then C intersects C 
at a unique point, and the intersection index at this point is q. Furthermore, 
V lrr (S q , £ q ,0) is irreducible and has expected dimension —C.Ks q — 1. 

Proof. Since q is odd, the integral lengths of the sides of A g arc one, and hence 
C.E Pi = 1 for all i. Thus, there exists unique isomorphism P 1 — > C, where C 
denotes the normalization of C, taking 0, 1, and oo to the preimages of C n E P1 , 
C H E P2 , and C D E P3 . Let t be the coordinate on A 1 = P 1 \ {oo}. Then the map 
/: P 1 -> C ->■ S q is given by 

(4.1) f*(x m ) = x(m)t (ni ' m) (i - l)( n ^ m \ 

where \ '■ M — > k* is a multiplicative character. Vice versa, for any multiplicative 
character x '■ M ^ k* , (|4.ip defines a map from P 1 to S q whose image corresponds 
to a closed point of V' lrr (S q , C q , 0). We constructed a natural isomorphism 

i: V lrr {S q X q ,0)^T N (k). 

Hence V zrr (S q , C q , 0) is irreducible, and has expected dimension 2 = —C.Ks q — 1. 
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We claim that the differential of / vanishes at t = h . Indeed, the log derivatives 
of f*(x m ) are given by C" 1 ^" 1 ) + (^2,^) . hence vanish at t = |. Let ei,e2 € M 
be the standard basis, and a := x ei — x ei (/(i)),& := x e2 — £ e2 (/(|)) be the local 
coordinates at f{\)- Then 



/*(<*) = X{ei)[t--j ,f*(b)=x(e 2 )[t 

and the image of / satisfies the equation 

X(e2) q a 2 = x(e 1 ) 2 b^. 

Hence the singularity of C at f{\) is of type A q _\. Note that the arithmetic genus 
of C q is equal to the number of integral points in the interior of A q , which is equal 
to = 5(A q -i). Thus, C has a unique singular point. 

Since C q = 2Area(A q ) = q, it is sufficient to show that C PI C is a point. Set 

X' ■= i(C). Then /': P 1 -)• C 7 -> 5 P is given by flU) with x replaced by x'- If 
f(s) = f'(s') then /'*(m)(s') = f*(m)(s) for all m 6 M. In particular, 

X(mi)(a« - 1) - X (mi)(s - 1)« = x'K)(s' - l) 9 = x'(mi)((s') 9 - 1) 

and x( ?7l 2)s 9 = x! { m 2){s') q . Hence the intersection point is unique, and is given by 



s = J ^MxM - x'O^k'Oi) and , = J xKkK) - X( m 2)x / (^i) 
f x(™ik'( m 2)~x'( m i)x( m 2) ' V x(wi)x'(m 2 ) - x'KkK) ' 

The proof is now complete. □ 

Theorem 4.2. Let V lrr (S', C' q , 0) &e i/ie Severi variety parameterizing irreducible 
rational curves in \C q \ that do not contain the zero- dimensional orbits in S' q , and C 
be a curve corresponding to a closed point of V lrr {S' q , C' q , 0). Then all singularities 
of C are unibranch, and the number of singular points of C is one if p — 2, and 
is two if p > 2. If C corresponds to a general closed point of V lrr {S' q , C q , 0) 
then C intersects C at two points, and the intersection index at these points is q. 
Furthermore, V lrl (S' q , C' ql 0) is irreducible and has expected dimension —C.Ks> q — 1. 

Proof. Consider the sublattice N' C N spanned by (q) and (")• Then the toric 
surfaces corresponding to the fan E 2 with respect to N' is P 1 x P 1 , S' q is the quotient 
of P 1 x P 1 by the action of jj, qi and tt : P 1 x P 1 — > S' is bijective. Furthermore, since 
the restrictions of N and of TV' onto the rays of E 2 coincide, the restriction of the 
action onto the one-dimensional torus orbits of P 1 x P 1 is free. 

Set D := 7r _1 (C) = C x S ' q (P 1 x P 1 )- The integral length of the sides of A' q 
is one, hence C.E p i = 1, and D intersects each coordinate line at a unique point 
with multiplicity q. Hence D € |Opi x pi (q, q)\. If rj € C is the generic point then 



7] x s , q (P 1 x P 1 ) = Spec (k(r})[(x m ' 3 ) 1/f 



Thus, the reduced curve L := D 



red 



is rational and belongs to the linear system |Opi x pi (qi, q{)\ for some q\ = p ri . 
Furthermore, it intersects each coordinate line at a unique point, and is unibranch 
at these points. 

Fix an isomorphism from P 1 to the normalization of L, and consider the pro- 
jections 7Ti,7r 2 : P^L^P'xP 1 ^ P 1 . Then K" 1 ^)] = K^oc)! = 1. Hence 
TT{ = Fr qi o fa = fa o Fr qi for some fa £ ^lu^P 1 ), where Fr qi : P 1 —> P 1 denotes 
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the Frobenius morphism. Thus, L G |Opi x pi(l, 1)|, q\ = 1, and L is the normaliza- 
tion of C. We constructed a bijection between V lrr (S' q , C' q , 0) and an open subset of 
|Opi x pi (1, 1)|, hence V irr {S' q , C' q , 0) is irreducible, and has dimension 3 as expected. 

Since two general curves in |0pi xP i(l, 1)| intersect at two points, it follows that 
their images on S' q arc tangent to each other at two points to order q. Since 7r is 
bijective, all singularities of C are unibranch. Consider the (non-cartesian) diagram 




and the corresponding diagram of sheaves of log-differential forms 

M' ® z O l ^=i*tt P i xP i (log (^(P 1 xP 1 ))) -^n L (log^cKP 1 xP 1 ))) 

M ® z O l = (ttO-Osj (log (d(S' q ))) d(m) > n L (log ((m)*d(S q ))) 

which exists since L and C intersect ^(P 1 x P 1 ) and d(S' q ) transversally. For the 
same reason there exists a natural exact sequence 

^ O l (-L) ^ M' ®i O l n L (log (fd(P l x P 1 ))) 0, 

and VL L (log ((irL)*d(S' q ))) = n L (log (^(P 1 x P 1 ))) ~ C L (2), since L 2 = 2. 

Let z € L be a point, and set J- := Coker (d(7rt)). Then f(z) G C is singular 
if and only if z G supp(J r ). Hence the number of singular points of C is equal 
to |supp(J-")|. The image of M (g)z Ol in M' ®z Ol is isomorphic to Ol, since 
Z 2 = A/ — > Af = Z 2 is given by (qJ)- Hence ht{T) — 2. Furthermore, since 

x( i ) |l has two simple zeroes and two simple poles, |supp(J r )| is equal to the number 
of zeroes of the differential d ( t * t ~^) ) on P 1 for some £ ^ 0, 1, oo, which is equal to 
one if p = 2, and is equal to two if p > 2. □ 

Remark 4.1. (1) One can describe the type of the singularities of C C S' q in terms 
of Greuel-Kroning classification of simple singularities in positive characteristic [3] . 
If p > 2 then the singularities of C are of type A q _i : and if p = 2 then the 
singularity is of type ^"j^ , i.e. in formal local coordinates given by the equation 
x 2 + xy q + y 2q ~ x = or, equivalently, by x 2 + xy q + Xy q = 0, A ^ 0. To see this, 
one can do a straightforward computation similar to the computation in the second 
paragraph of the proof of Theorem 14. 1[ which we leave to the reader. 

(2) Observe that the weighted projective plane S q is the quotient V 2 /fi q . One 
can check that the rational curves C, C C S q are the images of lines L, L' C P 2 
that do not contain the zero-dimensional orbits. This observation can be used to 
give another proof of Theorem 14.11 similar to the proof of Theorem 14.21 

(3) Let k be a natural number divisible by p, and suppose that q is the maximal 
power of p dividing k. Consider the toric surfaces Sk and S' k , and the Severi 
varieties V' lrr (Sk, Ck, 0) and V lrr (S' k , C' k , 0). One can show that the general point 
of V lrr (S' k , C' k , 0) corresponds to a curve with | — 1 points of type A 2q -i, and 
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either two singular points of type A q -\ if p > 2, or one singular point of type 
A%~_ 2 if p = 2. Furthermore, the curves corresponding to two general points in 
V lrr (S' k ,C' k ,0) intersect at 2| distinct points, and have contact of order q at each 
of them. Similarly, if k is odd then one can show that the general closed point 
of V lrr (Sk, £k, 0) corresponds to a curve with one singular point of type A q _i, 

and i ^| — 1^ points of type A2 q ~\. Furthermore, the curves corresponding to 

two general closed points in V irr (Sk, £>k, 0) intersect at ~ distinct points, and have 
contact of order q at each of them. We leave the details to the reader. 

(4) Another interesting example in characteristic p = 2 can be obtained if, for 
k divisible by four, one considers the Severi variety parameterizing rational curves 
in the linear system \Ck\ having unique intersection with each one of the three 
one-dimensional orbits, and not containing the zero-dimensional orbits. I this case, 
the general curve C has a unibranch singularity at its point of intersection with 
E P3 , and | f| — lj points of type A2 q -i. As before, two general curves intersect 

non-transversally, and the Severi variety is irreducible and has expected dimension. 

(5) The curves corresponding to the closed points of V lrr {S^, £3,0) can be iden- 
tified naturally with the plane cubic curves having contact of order three to two co- 
ordinate axis at their points of intersection with the third axis. To see this, observe 
that the triangle A3 is contained in the triangle with vertices ( "J ) , ( ~^ ) , ( q ), 
whose integral points correspond to a basis of the space of plane cubic curves. 
Plainly, the integral points of A3 correspond to the basis of the subspace men- 
tioned above. Assume that p = 3. Then any curve corresponding to a closed point 
of V lrr (S3, £3, 0) has a cusp in the maximal orbit and any two such curves have 
a contact of order three by Theorem 14.11 Hence the same is true for plane cubic 
curves having contact of order three to two coordinate axis at their points of in- 
tersection with the third axis. Finally, since Aut(V 2 ) acts transitively on the set of 
lines, it follows that the general curve in the Severi variety parameterizing plane cu- 
bics having contact of order three at unspecified points to a pair of lines is cuspidal, 
and any two such cubics have contact of order three. Another way to see that such 
cubics are cuspidal was suggested to us by Joe Harris: if a plane cubic C contacts 
two lines to order three then there is an element of order three in the Picard group 
Pic(C). However, G m has no elements of order equal to the characteristic. Hence 
Pic{C) = Ga, and C is cuspidal. 

4.2. Examples of reducible Severi varieties on toric surfaces over k. 

Theorem 4.3. Let d > 2, ^ < gi < min { afr-ad-g-i ^ {d-x)(d-2) y andq _ l < 

Q2 < min {2dq — q — d — 1, (d — l) 2 } be positive integers. Then the Severi variety 
V irr (S' q , (C' q ) d ,g 2 ) is reducible, and V lrr (S q , L% g x ) is reducible if p > 2. 

The idea of the proof is to show that the Severi varieties contain components 
whose general closed points correspond to curves with different types of singulari- 
ties. To prove the theorem we will need some preparations. 

4.2.1. Deformation theory. 

Lemma 4.4. Let k > be an integer, S be a (not necessarily complete) smooth 
rational surface, C C S be a complete reduced curve, x\,...,Xk £ C be some of 
its nodes, C be the partial normalization of C preserving the nodes xi , . . . , Xk, and 
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/: C — > S be the natural morphism. Assume that — f(E').Ks—^2 xeE , ord x (df) > 
for any irreducible component E' C C , where ord x (df) denotes the order of van- 
ishing of df at x. Then the deformation space of the pair (C,/) is smooth, un- 
obstructed, and has expected dimension —C.Kg +p a (C) — 1. In particular, C de- 
forms to a curve of geometric genus p a (C) smooth in the neighborhood of the points 
X\, . . . ,Xk- Furthermore, if C is connected then the deformed curve is irreducible. 

Proof. Let Aff = Coker (®c —> be the normal sheaf of /. Recall that the 

deformations of nodal curves are unobstructed, and any deformation of the nodes 
lifts to a global deformation of the curve. Furthermore, since S is smooth, by the 
infinitesimal lifting property, we have a natural exact sequence 

(4.2) H°(C',Af f ) -> DefHC, f) -+ H° (c', Ext 1 ^, $l c >,O c >j) , 

and if i? 1 (C',A/'/) = then the deformation space Def(C',f) is smooth, unob- 
structed, any deformation of the nodes of C lifts to a deformation of the pair (C, /), 
and the general deformation of (C,/) is a smooth curve with a map to S. Thus, 
the last claim of the lemma will also follow from the vanishing i? 1 (C",A//) = 0. 
Note that H l (C',M f ) = H 1 (C',N'f/Af} or ) since tf^C", A/} or ) = 0, and let us show 
that H 1 (C',N f /Mf I )=Q. 

Since S is smooth, Q$ is a locally free sheaf. Consider the exact sequence 

o -> c -> f*n s -> n c > -> A/} or -> o . 

The sheaf C is invertible since / is an embedding in a neighborhood of each node 
of C. Furthermore, Afj or = Od for the divisor D = YlxeC 0T dx{df) -x C C whose 
support belongs to the smooth locus of C . Hence the sequence 

(4.3) ->•£->• /*Q S -> Q c > (-D) -> 

is exact, and after dualizing it, we obtain an exact sequence 

0^Qc'(D)^rQs^C*^£xt 1 Oo ,(n C '(-D),Oc')^0. 

Let m C Oc' be the ideal sheaf of the nodes of C. Then Ext x , (f2c"j Oc) — 
; D), Oc) ~ Oc'/m, and we have an exact sequence 

(4.4) -> A/) or A/> H- £* -> Oc/m -> . 

Let 0: C H- C" be the normalization of C". By (jUJ), 7V>/A/} or ~ m£* ~ ^J 7 
for an invertible sheaf J 7 on C, and 

H^C^f/Af} 01 ) = H\C,T) = ® E H 1 {E,J'\ E ), 

where the sum is taken over all irreducible components E C C '. Pick E, and set 
4>e '■= 4>\e- Let Ae C E be the preimage of the nodes of C". Then the sequence 

-> J'ls -> -> Ab -> 

is exact. Hence ci(J"|b) = ci(^£*) - |A^|. 

Since L is invertible and E is smooth, the pullback of (14.31) 

^ <^£ ^ <^/*O s -y <j>* E n C '{-D) ->. 

is exact. Thus, ci(<^£) = f{<pE(E)).K s - ci(fi B ) - |A B | + dcg(^D), and 

(4.5) ci(^| B ) = -f(ME))-K s + ci(n B ) - deg(^D) > ci(n B ) 

by the assumption of the lemma. Hence if 1 (C",7V/) = (BeH 1 (E, J-\e) = 0. 
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It remains to compute the dimension of Def(C, /). Since Def(C, /) is smooth, 
dimDef(C'J) = dimDe/^C',/), and by g2) we obtain 

dimDe/(C",/) = h°(C',Af f )+dimO c >/m = h°(C',M f ) + Pa (C) - Pg (C) . 

h°(C',Af f ) = /i°(C",A/} or ) + h°(C,F) 

= dcg(D) + J2 E (cx(F\ e ) -p g (E) + 1) = -C.K s +P g (C) - 1 

by (|4.4[) . (|4.5[) . and Riemann-Roch theorem. Hence 

dimDef(C, f) = -C.K s +p a (C) - 1 
as expected. The proof is now complete. □ 

4.2.2. Proof of Theorem \4~73\ Proposition 14.51 (2). (4), and Proposition 14. 6\ which 
we prove below, imply that under the assumptions of Theorem 14. 3[ the Severi 
varieties contain at least two irreducible components, one of which parameterizes 
curves having no nodes at all, and another parameterizing curves having at least 
one node. This completes the proof of Theorem 14.31 

Proposition 4.5. Let d > 1, < gi < ( rf ~ 1 K rf ~ 2 ) an( i < g 2 < (d— l) 2 be integers. 
Then 

(1) V lrr (V 2 7 Op2(d), gi) contains an irreducible component of maximal dimension 
3d + gi — 1, whose general closed point corresponds to a nodal curve. 

(2) Assume that p > 2. Then the Severi variety V lrr (S q , £. q , g\) contains an 
irreducible component V , such that the curve corresponding to a general closed 
point of V has no nodes among its singularities. 

(3) y irr (p 1 x P 1 , (Dpi x jpi (d, d), 52) contains an irreducible component of maximal 
dimension Ad + 92 — 1- whose general closed point corresponds to a nodal curve. 

(4) The Severi variety V lrr (S' q , (C q ) d ,g2) contains an irreducible component V' , 
such that the curve corresponding to a general closed point of V' has no nodes 
among its singularities. 

Proposition 4.6. Let d > 2, 2=1 < 9l < ^i q -2d- q -i ^ an( i q -i< g 2 <2dq-q- 
d — 1 be positive integers. 

(1) Assume that p > 2. Then V trr (S q , C q , g±) contains an irreducible component 
of maximal possible dimension 3d + g\ — 1, whose general closed point corresponds 
to a curve having at least one node. 

(2) V lrr (S' q , (C q ) d , (72) contains an irreducible component of maximal possible 
dimension 4d + 32 — 1 , whose general closed point corresponds to a curve having at 
least one node. 

Proof of Proposition \4-5\ (1) Let C be the union of d general lines. Then C has 
only nodes as its singularities. Mark <5 = ( d ~ 1 K d ~ 2 ) _ g 1 nodes such that their 
complement in C is connected (e.g. mark only nodes that do not belong to one 
of the lines), and let x\, . . . ,Xd+ gi be the unmarked nodes. Let (C',f) be as in 
Lemma [4.41 Then C is connected, p a {C) = <?i, and C.K V 2 = —3d. Hence the 
dimension of Def(C, f) is 3d + .91 — 1, and by Lemma l4~4l a general deformation of 
(C, /) consists of an irreducible curve with a map to P 2 . Since C — > C is birational, 
the fiber over C of the natural projection Def(C',f) —> |Op2(d)| is finite. Thus, 
yirr j-p2 ^ ^ ^ ^ -j con t a j ns an irreducible component V of dimension 3d + g\ — 1 
whose general closed point corresponds to a nodal curve. 
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(2) By Theorem 0(1), 
dim(V"- r (S q ,C d q ,9i)) < -L d q .K Sq +g x -l = M+ 9l -l = dim(V irr {P 2 ,O p2 (d), 9l )). 

Let V C V lrr (F 2 , V 2(d),gi) be an irreducible component as in (1). Recall that 
S q = P 2 /[i q . Let 7r: P 2 — > S q be the natural projection, and D C P 2 be a curve 
corresponding to a closed point of V. Then n(D) corresponds to a closed point 
of V irr (S q , Cg, gi). Since ir is bijective all the singularities of n(D) 6 \C q \ are 
unibranch, but the images of the nodes of D, which are mapped to singularities of 
type A 2q -\. The induced map tt: V —> V trr (S q , C q , g{) is injective, and V := tt(V) 
satisfies the required condition. 

The proofs of (3) and (4) are identical to the proofs of (1) and (2). We leave the 
details to the reader. □ 

Proof of Proposition \4-6\ Let C be the union of a general curve E e \C q \ and 
d — 1 curves C\, . . . , Cd-i corresponding to general points of V" irr (S q , C q , 0). The 
curve ufr^Ci has no nodes by Theorem 14.11 Thus, C has (d — l)q nodes, since 
C q .C q = 2Area(A q ) = q and E is a general curve in a very ample linear system. 

Mark 2d i- 2 ^-i+ 1 _ g ± nodes on C in such a way that for each i at least one 
of the nodes in E n Cj is not marked. Let x\,...,Xk be the remaining nodes. 
Then k = 5i + 2<i 7~ 1 . Let (C,/) be as in Lemma 14.41 Then C is connected, 
p a (C) = p a {E) + k — (d — 1) = <7i, and the irreducible components of C" are: J5 
and the normalizations Pj of CV Furthermore, by Theorem 14. 11 each P^ contains a 
unique point at which the differential of the map Pj 1 — > E g vanishes, and the order 
of vanishing at this point is one, since in local coordinates / is given by t >-> (t 2 7 t q ) 
(cf. the second paragraph in the proof of Theorem 14. ip . Thus, the assumptions of 
Lemma l4~4l are satisfied, since Ks q .Ci = Ks q .E = —3. 

Hence the dimension of Def(C',f) is 3d + g\ — 1, and a general deformation 
of (C',f) consists of an irreducible curve with a map to S q by Lemma l4~4l Since 
C — > C is birational, the fiber over C of the natural projection Def(C, f) — > \jC d \ 
is finite. Thus, V lrr (S q , C q , g±) contains an irreducible component of dimension 
3d + gi — 1. Furthermore, since each marked node of C has two preimages in C", 
the curve corresponding to a general closed point of the component has at least 

^-2d- Q+ l _ gi > 1 nodeg 

The proof of (2) is almost identical. The only difference here is that each rational 
component contains two points at which the differential df vanishes if p > 2, and 
unique such point if p = 2. In the first case, the order of vanishing of df at each 
point is one. In the second case it is two, since in local coordinates the map is given 
by t h-> {j=x,t q ), X^O. Hence one can use Lemma T4.4I again to obtain the result. 
Wc leave the details to the reader. □ 
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